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Given that §(H) is the partially ordered set of cyclic subgroups
of a nite group H. Suppose that A is the class of p-groups whose
order is p” for integer n > 3. Dene a map;  : A — (0; 1] by B(H) =
s

H
mlinlimum and maximum value of B alongside their
corresponding minimum and maximum points, applies the
eulers totient function as to nding the number of cyclic
subgroups of nite p-groups.

. This work in an eort to make investigations on the second
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1. INTRODUCTION

Suppose that A represents the class of p-groups which have order p" for n
an integer and n > 3. Given a nite group H € A and let §(H) denote its
partially ordered set subgroups which are cyclic. Moreso, let C (H) be the
number of cyclic subgroups of order p” in H According to Miller (see [3]-[5]

), it has been proved that C (H) = 0(modp) V. € {2,3, ..., n}. This happens for

every p being odd.

2. THE EULERS ¢-FUNCTION

The function ¢ is called Eulers totient function. Here, if m is an integer
such that m is a prime p then, ¢(p) =p - 1.



164 S. A. Adebisi and M. Ogiugo

Denition (Euler’s Totient Function)

Euler’s Totient Function, denoted ¢ is the number of integers k in the range
1<k<n 3 =gcd(n, k)=1. A closed form of this function is given by

1
(p(]’l) = anrime pap|n (1 - ;j

3. MULTIPLICATIVE PROPERTY

Euler’s Totient Function satises the multiplicative property—that is, for m,

1
n relatively prime, @(mn) = o(m)p(n). For Example ¢(84) = 84 x (1—5) x

(43

Denition: (see [1]) An arithmetic function is any function dened on the
set of positive integers. An arithmetic function fis called multiplicative if
f(mn) = f(m)f(n) whenever m, nare relatively prime.

Theorem: If fis a multiplicative function and suppose that n =p{'p®...p*
is its prime-power factorization, then f(n) = f(p{")f(p{?).. f(p*).

Theorem: Eulers phi function ¢ is multiplicative implies that if gcd(m, n)
=1 then, (mn) = p(m)e(n).

Theorem: For any prime p, we have that ¢(pa) = pp*! =p~'(p - 1) =
)
1-=
p )
Theorem: For any integer n > 1, if n = pj')pf>...p* is the prime-power

. . 1 1 1 1 1 1 a1-144a0-1 as—1
factorization then, @(n)=n _Z —Z _P_ =pipEtpii(p, - 1)

(p,—1)...(p,— 1). Since ¢ is multiplicative, we get ¢(1) = o(p]")@(p})...0(p%) =

n 1 a— 1 as 1 1
Py (1—]9—)]92 2(1_}7_}---?5’ (1_P_J :ann)(l_;J, p ranges over the
1 2 s

prime divisors of n

Denition (see[2]): The number of cyclic subgroups of a nite group G
can be dened as

1
G) =
5©) gé(p(o(g)) ()

where ¢ is the Eulers totient function and o(g) is the order of the element g
of G.
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Theorem (see [2]): Let H € A 5> H contains a cyclic maximal subgroups.
Given that p is not even. Then, H is isomorphic toabelian type Z, x Z,,, or
to M ,. Otherwise, H is isomorphic to Z,Z,,, or to any of the non-abelian
groups lasted below:

1. M(p"),n=>4
2. D, =, b2 =b2=1=bab' =a?)
3. Q,={a bl =p=1, bab' = a?"-1)
4. QD,,=(a bj@®" =b?=1, bab" ="y n >4
In [14], the numer of cyclic subgroups of the non-abelian (i) to (iv) was
found.
4. STATEMENT OF PROBLEM
By applying (1) above, we show each of the following:
1. §(Z, % Z,.| = [§M@)| =2+ (1 - 1p
2. I§D,)l=n+2""
3. 8(Q)=n+22
4. §(QD,)|=mn+3:2"3

Proof of The Results:
5. The abelian type [S(Z, x Z,,.| and the modular group

SMP) =2+ m-T1)p
Proof:

2 _1). L 312). 1 4pd). L
8(Z, % Z,,.|=o(1) + (>~ 1) ((p(p)j-l— r°r?) ((p(pz)}r(p & (@(Ps)j

1 1
+(pp’)- ( o p4)J +. (P ( o pn_l)J

=1+ (pzl)-(

+p+p+p+p+p+.+pn-2)times
(p=1) TPTPEPEPEp s p(n-2) times)

=1+@+h@—n{

=2+(m-1)p

(pil)j +(n=-2p=1+p+1+m-2)p
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6. The Dihedral group |§(D,,)| =n +2"!
Proof:
Since D, ={(a, blja*"' =b>*=1=bab™ =a™"),
we have that D, = {1, a, a?, @, a7 b, ba, b, ..., ba™*?").

Now, a" ! = b?> =1, there exists 2! elements of the form 4", where m =
21, We have one of order 2, 2" of order m. The remaining 2" elements
are of order 2 each. We have ¢(2) = 1. Hence, we have [§(D,)| = 2"+ k. To
find k. For the highest order 2", there are 2" of them, followed by the
order 2", there are 2" of them, and following this order, we have 2" of
order 21, By this analysis, we have,

21\| = -1 n-2, 1 n-3, 1 n—4, 1
SPR=2e2 ((p(n—l)}z (cp(n—mj” (cp(n—&)
+2”5-( L j+...+23-( L j+22-(ij+2-(Lj
p(n—4) ¢(16) ®(8) ®(4)
1 1 1 1 1 1 1
+1- ((p(Z)j on-1 4 Jn-2, (FE) + D=3, (2n_2 E) + D4, (2n_3 E)
(G D (L Dz (10) (1)
2mt ) 16 2 8 2 4 2
11
”‘(53)
=1+1+1+1+1+1+1+1+.+11inn places.

=214y
7. The Quaternion Group [§(Q,.)| = n + 2"

Proof:

1 -1 1 2). 1 3). L
50190+ {5 |+ @2 [ @ G [ @,

+..4 (272)- (

)

1
=1+1+(2+2"1)-(§) +1+1+1+1+1+1(n-23)times

=2+2"2+1+n-3

=pn+2"2
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8. The Quasidihedral Group [§(QD,,)|=n +3.2"3

Proof:

-2 L n-2). L 2). L
SQD,)I = (1) + (1 +2 >'((p(2)j+(2+2 >((p(22)j+<2> (cp(?)J

3 1 4 1 -2y, 1
+(2 )'(@(24)j+(2 )'(@(25)j+'“+ (2"2) ((p(zn_l)j

1 1 1
=1+ (1+272)(1) + (2 +22). (Ej +(22)- 8( ; ) + (20| o G)

1 1 1

ol o=

2 2 )
=3+272423+1+1+1+1+1+1(n-3)times
=3+2"242"34+p-3
=n+ 211—2 + 21173
=n+2732+1)
=n+3.2"3
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